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Let R be an arbitrary ring,S be a subset ofR, andZ(S) = {s ∈ S | sx =
xs for every x ∈ S}. The commuting graph ofS, denoted byΓ(S), is
the graph with vertex setS \ Z(S) such that two different verticesx andy
are adjacent if and only ifxy = yx. In this paper, letIn,Nn be the sets
of all idempotents, nilpotent elements in the quaternion algebraZn[i, j,k],
respectively. We completely determineΓ(In) andΓ(Nn). Moreover, it is
proved that forn > 2, Γ(In) is connected if and only ifn has at least two
odd prime factors, whileΓ(Nn) is connected if and only ifn 6= 2, 22, p, 2p
for all odd primesp.
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1. INTRODUCTION

There are many papers on investigating connections between ring theory and graph

theory (see [1-4]). LetR be an arbitrary ring,S be a subset ofR, andZ(S) = {s ∈
S | sx = xs for every x ∈ S}. The commuting graph ofS, denoted byΓ(S), is
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the graph with vertex setS \ Z(S) such that two different verticesx andy are

adjacent if and only ifxy = yx. In this paper, we study the connections among

quaternion theory, number theory and graph theory by the commuting graphs of

the quaternion algebra overZn, the ring of integers modulon.

Recall that the quaternion ringHn = {a + bi + cj + dk | a, b, c, d ∈ Zn}
is an algebra overZn, wherei, j,k are formal symbols called basic units defined

by i2 = j2 = k2 = ijk = −1. Recall that the commuting graphs ofHn has been

investigated in [9]. For an elementα = a+bi+cj+dk ∈ Hn, α = a−bi−cj−dk

is called the conjugate ofα, andN(α) = a 2 + b 2 + c 2 +d 2 is said to be the norm

of α. For any subsetX of a ringR, we defineX∗ = X \ {0}, and|X| denotes the

cardinality ofX. The set of all zero-divisors in a ringR is denoted byD(R), and

the group of units ofR is denoted byU(R). Let p > 2 be a prime, we define the

Legendre symbol
(

b
p

)
to equal0, 1 or−1, as follows:

(
b

p

)
=





0, if p|b;
1, if b is a quadratic residue mod p;

−1, if b is a nonresidue mod p.

For a connected graphG, the diameter ofG is denoted bydiam(G). The

degree of a vertexv of G is the number of edges incident tov and is denoted by

d(v). A path of length r from a vertexx to a vertexy in G is a sequence of

r + 1 different vertices starting withx and ending withy such that consecutive

vertices are adjacent. An induced subgraph ofG that is maximal, subject to being

connected, is called aconnected component of G.

In this paper, letIn,Nn be the sets of all idempotents, nilpotent elements in

Hn, respectively. We completely determineΓ(In) andΓ(Nn). It is proved that for

n > 2, Γ(In) is connected if and only ifn has at least two odd prime factors, while

Γ(Nn) is connected if and only ifn 6= 2, 22, p, 2p for all odd primesp.
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2. LEMMAS

Lemma2.1 [6, p.161, Exercise 12] — The number of solutions of congruence

equation

a1x1 + a2x2 + · · ·+ akxk ≡ b (modm)

in x1, . . . , xk, wherea1, . . . , ak, b, m (m > 2) are integers, is equal tomk−1

gcd(a1, a2, . . . , ak,m) if gcd(a1, a2, . . . , ak,m)|b.

Lemma2.2 [6, p.443, Example 4] — Suppose thatp is a prime,r > 1 anda

are integers. LetT (r, a) denote the number of solutions of congruence equation

x2
1 + · · ·+ x2

r ≡ a (mod p) (2-1)

Then

T (r, a) =





pr−1 + (p− 1)p
r
2
−1, p|a, 2|r, p ≡ 1 (mod 4)

pr−1 + (−1)
r
2 (p− 1)p

r
2
−1, p|a, 2|r, p ≡ 3 (mod 4)

pr−1, p|a, 2 - r

pr−1 − p
r
2
−1, p - a, 2|r, p ≡ 1 (mod 4)

pr−1 − (−1)
r
2 p

r
2
−1, p - a, 2|r, p ≡ 3 (mod 4)

pr−1 +
(

a
p

)
p

r−1
2 , p - a, 2 - r, p ≡ 1 (mod 4)

pr−1 − (−1)
r+1
2

(
a
p

)
p

r−1
2 , p - a, 2 - r, p ≡ 3 (mod 4)

Lemma2.3 — Suppose thatp is an odd prime,r, a, t are integers andp - a,

r > 1, t > 2. Let T be the number of solutions of (2-1), then the number of

solutions of the congruence equation

x2
1 + · · ·+ x2

r ≡ a (mod pt) (2-2)

is equal top(r−1)(t−1)T .

PROOF : It is clear that ifx2
1 + · · ·+ x2

r ≡ a (mod pm), thenx2
1 + · · ·+ x2

r ≡
a (mod pn) for 1 6 n 6 m.
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First assume thatt = 2. Supposea2
1 + · · ·+ a2

r ≡ a (mod p). Note thatp - a,

so at least one ofa1, . . . , ar is not equal to0 modulop. Let X be the number of

solutions of

(a1 + pb1)2 + · · ·+ (ar + pbr)2 ≡ a (mod p2) (2-3)

in b1, . . . , br whereb
λ
≡ g

λ
(mod p2), 0 6 g

λ
6 p− 1 for λ = 1, . . . , r. Then the

number of solutions of (2-2) is equal toTX.

By (2-3), we have

2a1b1 + · · ·+ 2arbr ≡ m1 (mod p) (2-4)

wherea − (a2
1 + · · · + a2

r) = m1p. Observe thatgcd(2a1, . . . , 2ar, p) = 1, by

Lemma 2.1, the number of solutions of (2-4) inb1, . . . , br ispr−1. So we haveX =

pr−1. Hence, the number of solutions of (2-2) isTX = pr−1T = p(r−1)(t−1)T ,

sincet = 2.

Now let t = 3. Supposec2
1 + · · ·+ c2

r ≡ a (mod p2). Let Y be the number of

solutions of

(a1 + pc1 + p2d1)2 + · · ·+ (ar + pcr + p2dr)2 ≡ a (mod p3) (2-5)

in d1, . . . , dr wheredλ ≡ hλ (mod p3), 0 6 hλ 6 p − 1 for λ = 1, . . . , r. Then

the number of solutions of (2-2) is equal toTXY . By (2-5), we have

2a1d1 + · · ·+ 2ardr ≡ m2 (mod p) (2-6)

wherea−(a1+pc1)2−· · ·−(ar+pcr)2 = m2p
2. Sincegcd(2a1, . . . , 2ar, p) = 1,

by Lemma 2.1, the number of solutions of (2-6) ind1, . . . , dr is pr−1. So we

haveY = pr−1. Thus the number of solutions of (2-2) is equal toTXY =

pr−1pr−1T = p2(r−1)T = p(r−1)(t−1)T , sincet = 3.
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Therefore, by induction ont, we can conclude that fort > 2, the number of

solutions of (2-2) is(pr−1)t−1T = p(r−1)(t−1)T . 2

Lemma2.4 — If R1 andR2 are two noncommutative rings,S1 ⊆ R1 and

S2 ⊆ R2 are two non-central subsets, thendiam(Γ(S1 × S2)) 6 3.

PROOF: Let (a, b) and(a′, b′) be two arbitrary vertices ofΓ(S1×S2). If a and

b′ are non-central, then(a, b) — (a, 0) — (0, b′) — (a′, b′) is a path inΓ(S1 × S2)

of length at most3. If a, a′ are non-central andb, b′ are central, then(a, b) —

(a, x) — (0, x) — (a′, b′) is a path inΓ(S1 × S2) of length at most3, for some

x ∈ S2 \ Z(S2). Therefore,diam(Γ(S1 × S2)) 6 3. 2

Lemma2.5 (1) [7, Lemma 3.6] — Letn = pt1
1 · · · ptm

m , wherep1, . . . , pm are

different primes andt1, . . . , tm are positive integers. ThenHn
∼= H

p
t1
1
⊕· · ·⊕Hptm

m
.

(2) [7, Theorem 2.3]α ∈ D(Hn) if and only if N(α) ∈ D(Zn).

3. COMMUTING GRAPHS OFIDEMPOTENTS OFHn

In this section, we studyΓ(In), the commuting graphs of idempotents ofHn. Note

that if R1, . . . , Rr are arbitrary rings, then clearlyI(R1 × · · · × Rr) = I(R1) ×
· · · × I(Rr), whereI(R) is the set of all idempotents in the ringR. Hence, by

Lemma 2.5(1), it suffices to investigate the idempotents ofHpt , wherep is a prime

andt is a positive integer.

Theorem3.1— Letn = pt, wherep is a prime andt is a positive integer.

(1) If p = 2, thenIn = {0, 1}.

(2) If p 6= 2, then

(i) In =
{

a + bi + cj + dk ∈ Hn

∣∣∣ pt|2a− 1, pt|a2 + b2 + c2 + d2
}
∪{0, 1},

(ii) |In| = p2t−1(p + 1) + 2, and
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(iii) Z(In) = {0, 1}.

PROOF : (1) By [7, Theorem 3.7], we know thatHn is local if and only if

n = 2t. By [5, p.301, Corollary 19.19],H2t has no nontrival idempotents. Hence,

I2t = {0, 1}.

(2) Supposeα = a + bi + cj + dk ∈ Hn. Thenα2 = α if and only if the

following statements hold

a2 − b2 − c2 − d2 ≡ a (modn) (3-1)

2ab ≡ b (modn) (3-2)

2ac ≡ c (modn) (3-3)

2ad ≡ d (modn) (3-4)

(i) Supposeα ∈ In. Then by (3-2), (3-3) and (3-4),pt|b(2a − 1), pt|c(2a −
1), pt|d(2a− 1).

Case1 : If p - 2a−1, thenpt|b, pt|c, pt|d. By (3-1), we derivept|a or pt|a−1.

Henceα = 0 or 1.

Case2 : If pt|2a − 1, then by (3-1), we haveb2 + c2 + d2 ≡ a2 − a ≡
a(2a− 1)− a2 ≡ −a2 (mod pt). This follows thatpt|N(α).

Case3 : If ps ‖ 2a−1 for some1 6 s 6 t−1 (t > 2), then it is not difficult to

verify thatp - a. Moreover, by (3-2), (3-3) and (3-4), we derivep|b, p|c andp|d, so

p|b2+c2+d2. By (3-1), we haveb2+c2+d2 ≡ a2−a ≡ a(2a−1)−a2 (mod pt),

which is impossible. Therefore, ift > 2, then there exists no integers with 1 6
s 6 t− 1, such thatps ‖ 2a− 1.

Consequently, forα = a + bi + cj + dk ∈ In, we have eitherp - 2a − 1 or

pt|2a− 1, hence the result follows.



THE COMMUTING GRAPHS OF SOME SUBSETS 393

(ii) Clearly, p - (pt+1
2 )2, and we have the Legendre symbol

(
−(pt+1

2 )2

p

)
= (−1)

p−1
2 =





1, if p ≡ 1 (mod 4)

−1, if p ≡ 3 (mod 4)

Thus by Lemma 2.2, the number of solutions ofb2 + c2 +d2 ≡ −(pt+1
2 )2 (mod p)

in b, c, d isT = p2+p. So by Lemma 2.3, the number of solutions ofb2+c2+d2 ≡
−(pt+1

2 )2 (mod pt) is p2(t−1)T = p2t−1(p + 1). Hence,|In| = p2t−1(p + 1) + 2.

(iii) Let α = a + bi + cj + dk, β = w + xi + yj + zk ∈ In. Thenαβ = βα

if and only if the following statements hold

2cz ≡ 2dy (modn) (3-5)

2dx ≡ 2bz (modn) (3-6)

2by ≡ 2cx (modn) (3-7)

By Lemma 2.2, the congruence equationx2
1 + x2

2 ≡ −
(

pt + 1
2

)2

(mod p)

in x1 andx2 has integer solutions. So by Lemma 2.3, there exist integersm1 and

m2 such thatm2
1 +m2

2 ≡ −
(

pt + 1
2

)2

(mod pt). Letβ1 =
pt + 1

2
+m1i+m2j,

then we haveβ1 ∈ In by (i). Suppose thatα ∈ Z(In), thenαβ1 = β1α. By (3-5)

and (3-6), we havept|2dm1 andpt|2dm2. Observe thatgcd(m1,m2, p) = 1, so

pt|d. Similarly, letβ2 =
pt + 1

2
+ m1i + m2k, β3 =

pt + 1
2

+ m1j + m2k ∈ In,

then we havept|c andpt|b. Therefore,α = 0 or 1, i.e.,Z(In) = {0, 1}.

Theorem3.2— Letn > 2 be an integer.

(1) Supposen = pt, wherep is an odd prime andt is a positive integer. Then

for α, β ∈ In \ Z(In), αβ = βα if and only ifβ = α or α. Moreover,Γ(In) is a

graph with
p2t−1(p + 1)

2
edges which any two different edges are not incident.
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(2) Supposen = 2spt, wherep is an odd prime,s and t are positive integers.

Then forα, β ∈ In \ Z(In), αβ = βα if and only ifβ = α or α, 1 − α, 1 − α.

Moreover,Γ(In) is a graph with
p2t−1(p + 1)

2
connected components of size4

which each of them is a complete graph.

(3) Supposen = 2τpt1
1 · · · ptm

m , whereτ > 0, m > 2, p1, . . . , pm are dif-

ferent odd primes,t1, . . . , tm are positive integers. Letα = (α0, α1, . . . , αm) ∈
In \ Z(In), whereα0 ∈ I2τ , αλ ∈ Ip

tλ
λ

for λ = 1, . . . ,m. Let I = {s | 1 6 s 6

m,αs = 0 or 1}, f(τ) =





0, if τ = 0

1, if τ > 1
. Thend(α) = 2f(τ)

[
4m−|I| ∏

s∈I

(p2ts
s +

p2ts−1
s + 2)− 2m

]−1. Moreover,Γ(In) is a connected graph withdiam(Γ(In)) =

3.

PROOF : (1) By Theorem 3.1 (2), letα =
pt + 1

2
+ bi + cj + dk and β =

pt + 1
2

+ xi + yj + zk be nontrival idempotents ofHn. Certainly, ifβ = α or α,

thenαβ = βα.

Conversely, supposeαβ = βα. It is clear thatα 6= α andαα = αα. So in

Γ(In), d(α) > 1. Moreover, by Theorem 3.1(2), we havept|N(α) andpt|N(β),

i.e.,

b2 + c2 + d2 ≡ x2 + y2 + z2 ≡ −(
pt + 1

2
)2 (mod pt) (3-8)

Sincep -
pt + 1

2
, by (3-8),p - b2 + c2 + d2. Without loss of generality, one

can assume thatp - c. Then there exists an integerc ′ such thatc ′c ≡ 1 (mod pt).

Sinceαβ = βα, by (3-5), we havecz ≡ dy (mod pt). Soc ′cz ≡ c ′dy (mod pt),

i.e., z ≡ c ′dy (mod pt). By (3-7), we also havex ≡ c ′by (mod pt). Substituting

these expressions forx, z into (3-8), we get

y2(1 + c ′ 2d2 + c ′ 2b2) ≡ −(
pt + 1

2
)2 (mod pt) (3-9)
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By [6, p.193, Theorem 1], if the equation (3-9) iny has solutions, then the

number of solutions of (3-9) must be2. Notice thatd(α) > 1, hence (3-9) has

exactly two solutions, sayy1, y2. So we havex
λ
≡ c ′by

λ
(mod pt) andz

λ
≡

c ′dy
λ

(mod pt), λ = 1, 2. Therefore{x1, y1, z1} and{x2, y2, z2} are the only

two solutions which satisfy conditions (3-5), (3-6) and (3-7). Hence,β = α or α.

Furthermore, there are precisely
p2t−1(p + 1)

2
edges by Theorem 3.1(2) inΓ(In)

which any two different edges are not incident.

(2) Suppose thatα, β ∈ In \ Z(In). By Lemma 2.5 and Theorem 3.1, one

can writeα = (0, α′) or (1, α′), while β = (0, β′) or (1, β′), whereα′, β′ ∈
Ipt \ Z(Ipt). If αβ = βα, thenα′β′ = β′α′. By (1) above,β′ = α′ or α′. So it is

easy to see thatβ = α or α, 1− α, 1− α.

Furthermore, it is easy to verify thatα, α, 1−α and1−α are pairwise different.

Hence, the result follows.

(3) The computation ofd(α) is derived from Theorem 3.1. Furthermore, by

Lemma 2.4,diam(Γ(In)) 6 3. Let n = ptn′, wherep is an odd prime,t, n′ > 1

are integers,p - n′. Supposeα = (α1, 0), β = (β1, 0), whereα1, β1 ∈ Ipt \
Z(Ipt) andβ1 6= α1, α1. Thenα, β ∈ In \ Z(In). However, by (1) above, there

exists noγ ∈ In \ Z(In) such thatα — γ — β is a path ofΓ(In). Therefore,

diam(Γ(In)) = 3.

Corollary 3.3 — Forn > 2, Γ(In) is connected if and only ifn has at least

two odd prime factors.

4. COMMUTING GRAPHS OFNILPOTENT ELEMENTS OFHn

In this section, we studyΓ(N\), the commuting graphs of nilpotent elements of

Hn. Note that ifR1, . . . , Rr are arbitrary rings, then clearlyN (R1 × · · · ×Rr) =
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N (R1)× · · · ×N (Rr), whereN (R) is the set of all nilpotent elements in the ring

R. Hence, by Lemma 2.5(1), it suffices to investigate the nilpotent elements of

Hpt , wherep is a prime andt is a positive integer.

Lemma4.1 — If R is a finite local ring, thenα ∈ R is nilpotent if and only if

α ∈ D(R).

Theorem4.2— Letn = pt, wherep is a prime andt is a positive integer.

(1) If p = 2, then

Nn = D(Hn) =
{

a + bi + cj + dk ∈ Hn

∣∣∣ 2|a2 + b2 + c2 + d2
}

, |Nn| =
24t−1

Z(Nn) =
{

a + bi + cj + dk ∈ Hn

∣∣∣ 2|a; b, c, d ≡ 0 or 2t−1(mod 2t)
}

,

|Z(Nn)| = 2t+2.

(2) If p 6= 2, then

Nn =
{

a + bi + cj + dk ∈ Hn

∣∣∣ p|a; p|a2 + b2 + c2 + d2
}

, |Nn| =

p4t−2

Z(Nn) =
{

a ∈ Zn

∣∣∣ p|a
}

, |Z(Nn)| = pt−1.

PROOF: (1) By Lemma 4.1 and recall thatH2t is a local ring [7, Theorem 3.7],

we haveNn = D(Hn). By [8, Theorem 1.1],|D(Hn)| = 24t−1. Also, it is not

difficult to obtainZ(Nn) and|Z(Nn)|.

(2) There are two cases to consider.

Case1 : Assume thatt = 1. Forα = a + bi + cj + dk ∈ D(Hp), if p|a, then

by Lemma 2.5 (2), we havep|b2 + c2 + d2. Hence, it is certainly thatα2 = 0.

Conversely, suppose thatβ = w + xi + yj + zk ∈ D(Hp) butp - w. Note that

p|w2 + x2 + y2 + z2, let x2 + y2 + z2 = −w2 + sp, wheres is a positive integer.
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Then we have

β2 = w2 − x2 − y2 − z2 + 2w(xi + yj + zk)

= 2w2 − sp + 2w(xi + yj + zk) = 2wβ − sp

Therefore, for any integerδ > 1, we haveβδ 6= 0 if p - w.

Furthermore, notice that the number of solutions ofb2 + c2 + d2 ≡ 0 (mod p)

in b, c, d is p2, so|Nn| = p2.

Case2 : Assume thatt > 2. Supposeβ = w + xi + yj + zk ∈ Hpt . One

can assume thatw = w′ + s1p, x = x′ + s2p, y = y′ + s3p, z = z′ + s4p,

wherew′, x′, y′ andz′ are nonnegative integers less thanp, while s1, s2, s3 and

s4 are nonnegative integers. Thenβ1 = w′ + x′i + y′j + z′k ∈ Hp. We can

claim thatβ ∈ Npt if and only if β1 ∈ Np. In fact, if β ∈ Npt , clearly, we have

β1 ∈ Np. Conversely, ifβ1 ∈ Np, then there exist positive integersr andk such

thatβ1
r = kpβ2 for someβ2 ∈ Hp. Then

β r = [β1+p(s1+s2i+s3j+s4k)]r = β1
r+pβ3 = (kpβ2)r+pβ3 = p(krpr−1β2

r+β3)

for someβ3 ∈ Hp. Henceβ r t = 0, i.e.,β ∈ Npt . Consequently, by Case 1, the

result follows.

In the following, we will study the connectivity ofΓ(Nn) for n > 2. We recall

that with similar arguments to the proof of Theorem 2.4(3), 2.5(2) and 2.8(2) of

[9], if n = 2t for t > 3, or n = ps for arbitrary odd primep ands > 2, or n has

at least two odd prime divisors withn 6= 2p for any odd primep, thenΓ(Nn) is

connected withdiam(Γ(Nn)) = 3. Therefore, it suffices to study the properties of

Γ(Nn) with n = 2, 22, p, 2p, wherep is an odd prime and the following theorem is

clear.

Theorem4.3— Supposen = 2t, t = 1 or 2.
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(1) If t = 1, thenΓ(Nn) is null.

(2) If t = 2, thenΓ(Nn) is a graph with 7 connected components of size24

which each of them is a complete graph. Moreover, forα, β ∈ N22 \Z(N22), αβ =

βα if and only ifα andβ belong to the same set ofMλ for someλ ∈ {1, . . . , 7}.

M1 =
{

a + bi + cj + dk
∣∣∣ a, b ∈ U(Z4); c, d ∈ D(Z4)

}

M2 =
{

a + bi + cj + dk
∣∣∣a, c ∈ U(Z4); b, d ∈ D(Z4)

}

M3 =
{

a + bi + cj + dk
∣∣∣ a, d ∈ U(Z4); b, c ∈ D(Z4)

}

M4 =
{

a + bi + cj + dk
∣∣∣ c, d ∈ U(Z4); a, b ∈ D(Z4)

}

M5 =
{

a + bi + cj + dk
∣∣∣ b, d ∈ U(Z4); a, c ∈ D(Z4)

}

M6 =
{

a + bi + cj + dk
∣∣∣ b, c ∈ U(Z4); a, d ∈ D(Z4)

}

M7 =
{

a + bi + cj + dk
∣∣∣ a, b, c, d ∈ U(Z4)

}

It is well known that ifp is a prime congruent to1 modulo4, then there exist ex-

actly two positive integers which less thanp sayλ1, λ2 such thatλ2 ≡ −1 (mod p).

Furthermore, we assume that the ordered pairs of positive integers{σν , τν} satisfy

(4-1), where1 6 σν , τν 6 p − 1, ν = 1, . . . , S (resp., ν = 1, . . . , S′), while S

(resp., S′) is the number of solutions of

1 + σ2 + σ2τ2 ≡ 0 (mod p), σ, τ 6= 0 (4-1)

in σ, τ wherep is a prime congruent to1 (resp., 3) modulo4. In the following

theorem, we will obtainS andS′, and completely determine the structure ofNp

for arbitrary odd primep.

Theorem4.4— Letp be an odd prime,α, β ∈ Np \ Z(Np).

(1) If p = 5, thenαβ = βα if and only ifα andβ belong to the same set ofBµ,

Cµ andDµ for someµ ∈ {1, 2}.
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(2) If p ≡ 1 (mod 4) with p > 5, thenS = p − 5. Moreover,αβ = βα if and

only if α andβ belong to the same set ofBµ, Cµ, Dµ andEν for someµ ∈ {1, 2},
or someν ∈ {1, . . . , p− 5}.

(3) If p ≡ 3 (mod 4), thenS′ = p + 1. Moreover,αβ = βα if and only ifα

andβ belong to the same set ofEν for someν ∈ {1, . . . , p + 1}.

Bµ =
{

bi + λµbj ∈ Hp

∣∣∣ b ∈ Z∗p
}

, µ = 1, 2 (4-2)

Cµ =
{

bj + λµbk ∈ Hp

∣∣∣ b ∈ Z∗p
}

, µ = 1, 2 (4-3)

Dµ =
{

bi + λµbk ∈ Hp

∣∣∣ b ∈ Z∗p
}

, µ = 1, 2 (4-4)

Eν =
{

ei + σνej + σντνek ∈ Hp

∣∣∣ e ∈ Z∗p
}

(4-5)

(4) Γ(Np) is a graph withp+1 connected components of sizep−1 which each

of them is a complete graph.

PROOF : By Theorem 4.2(2),α = a + bi + cj + dk ∈ Np if and only if a = 0

andp|b2 + c2 + d2. By [9, Theorem 2.5 (1)], each nonzero nilpotent element ofHp

must be one of the form:bi + λbj, bi + λbk, bj + λbk, ei + σej + στek, where

b, e ∈ Z∗p, λ, σ andτ are positive integers.

(1) Sincep = 5, for b ∈ Z∗5, b2 + λ2b2 ≡ 0 (mod 5) if and only if 1 + λ2 ≡
0 (mod 5). Clearly, |Bµ| = |Cµ| = |Dµ| = p − 1 for µ = 1, 2. Moreover, by

Theorem 4.2(2),|N5 \ Z(N5)| = 24 = 6(5 − 1). Therefore,α ∈ N5 \ Z(N5) if

and only ifα belongs to one of the sets of (4-2), (4-3) and (4-4) for someµ = 1, 2.

Hence,Γ(N5) has exactly6 connected components of size4 which each of them

is a complete graph.

(2) Supposep ≡ 1 (mod 4) with p > 5. By the similar argument of (1)

above, every element ofBµ, Cµ andDµ is a nonzero nilpotent element ofHp,

µ = 1, 2. Clearly, |B1| + |B2| + |C1| + |C2| + |D1| + |D2| = 6(p − 1), while
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|Np \ Z(Np)| = p2 − 1 > 6(p − 1) by Theorem 4.2(2). So inHp, there must

exist p2 − 1 − 6(p − 1) = (p − 5)(p − 1) nonzero nilpotent elements of the

form ei + σej + στek wheree 6= 0 which is stated in the setsEν (4-5) for some

ν ∈ {1, . . . , S}, since fore ∈ Z∗p, p|e2 + e2σ2 + e2σ2τ2 if and only if σ andτ

satisfy (4-1).

Moreover, since|Eν | = p − 1 for ν, by S(p − 1) = (p − 5)(p − 1), we have

S = p− 5. Therefore,Γ(Np) has exactly6 + S = p + 1 connected components of

sizep− 1 which each of them is a complete graph.

(3) Supposep ≡ 3 (mod 4). Then the congruence equationb2+c2 ≡ 0 (mod p)

in b, c has a unique solutionb ≡ c ≡ 0 (mod p). Therefore any nonzero nilpotent

element ofHp must be of the formei+σej+στek wheree 6= 0 which is stated in

the setsEν (4-5) for someν ∈ {1, . . . , S′}, since fore ∈ Z∗p, p|e2 +e2σ2 +e2σ2τ2

if and only if σ andτ satisfy (4-1). By Theorem 4.2 (2),|Np \ Z(Np)| = p2 − 1.

Moreover, since|Eν | = p− 1 for ν, by S′(p− 1) = p2 − 1, we haveS′ = p + 1.

Consequently,Γ(Np) has exactlyp + 1 connected components of sizep− 1 which

each of them is a complete graph.

(4) It has been shown in (1), (2) and (3) above.

Theorem4.5— Letn = 2p, wherep is an odd prime. ThenΓ(N2p) is a graph

with p+1 connected components of size8(p−1) which each of them is a complete

graph.

PROOF : For α, β ∈ N2p \ Z(N2p), sinceH2p
∼= H2 ⊕ Hp, let α = (α1, α2),

β = (β1, β2), whereα1, β1 ∈ N2 = D(H2), andα2, β2 ∈ Np \ Z(Np). Since

H2 is a commutative ring,αβ = βα if and only if α2β2 = β2α2, if and only if

α2 andβ2 belong to the same connected component ofΓ(Np). By Theorem 4.4,

we derive thatΓ(N2p) is a graph withp + 1 connected components which each of
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them is a complete graph. Furthermore, since|N2| = |D(H2)| = 23, the size of

each connected component ofΓ(N2p) is equal to8(p− 1).

Corollary 4.6 — Forn > 2, Γ(N\) is connected if and only ifn 6= 2, 22, p, 2p,

wherep is an odd prime.
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