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Let R be an arbitrary ringS be a subset oR, andZ(S) = {s € S|sz =
xs foreveryx € S}. The commuting graph of, denoted byl'(.5), is
the graph with vertex sef \ Z(.S) such that two different vertices andy
are adjacent if and only ity = yz. In this paper, lefZ,,, N,, be the sets
of all idempotents, nilpotent elements in the quaternion alg&hia j, k],
respectively. We completely determif€Z,,) andT'(N,,). Moreover, it is
proved that fom > 2, T'(Z,,) is connected if and only ik has at least two
odd prime factors, whild(\,,) is connected if and only it # 2,22 p, 2p
for all odd primep.
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1. INTRODUCTION

There are many papers on investigating connections between ring theory and graph
theory (see [1-4]). LeR be an arbitrary ringS be a subset aR, andZ(S) = {s €
S|sx = xs foreveryx € S}. The commuting graph of, denoted byl'(S), is
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the graph with vertex sef \ Z(S) such that two different vertices andy are
adjacent if and only ifcy = yx. In this paper, we study the connections among
quaternion theory, number theory and graph theory by the commuting graphs of
the quaternion algebra over,, the ring of integers modulo.

Recall that the quaternion ring,, = {a + bi + ¢j + dk|a,b,¢,d € Z,}
is an algebra oveEL,,, wherei, j, k are formal symbols called basic units defined
by i? = j> = k? = ijk = —1. Recall that the commuting graphsf, has been
investigated in [9]. For an element= a+bi+cj+dk € H,,a@ = a—bi—¢j—dk
is called the conjugate ef, andN () = a2 +b2+¢2+d? is said to be the norm
of a. For any subseX of aring R, we defineX* = X \ {0}, and|X| denotes the
cardinality of X. The set of all zero-divisors in a rin§ is denoted byD(R), and
the group of units of? is denoted by/(R). Letp > 2 be a prime, we define the
Legendre symbo(%) to equalo, 1 or —1, as follows:

b 0, if plb;
<p> =4 1, if bis a quadratic residue mod p;

—1, if bis a nonresidue mod p.

For a connected grapfi, the diameter of= is denoted byliam(G). The
degree of a vertex of G is the number of edges incident#cand is denoted by
d(v). A path of lengthr from a vertexxz to a vertexy in G is a sequence of
r + 1 different vertices starting with: and ending withy such that consecutive
vertices are adjacent. An induced subgraplidhat is maximal, subject to being
connected, is called@nnected component of G.

In this paper, letZ,,, NV,, be the sets of all idempotents, nilpotent elements in
H,,, respectively. We completely determiféZ,,) and'(N,,). It is proved that for
n > 2,T'(Z,) is connected if and only if has at least two odd prime factors, while
I'(NV,,) is connected if and only if, # 2,22, p, 2p for all odd primesp.
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2. LEMMAS

Lemma2.1 [6, p.161, Exercise 12] — The number of solutions of congruence

equation

a1xy + aswo + -+ - + aprr = b (mod m)
in zy,...,2,, Whereay,...,ax,b,m (m > 2) are integers, is equal ta*~!
gcd(ay,ag, ... ax,m)if ged(ay,az, ..., ag,m)|b.

Lemma2.2 [6, p.443, Example 4] — Suppose theis a prime,r > 1 anda

are integers. LeT'(r, a) denote the number of solutions of congruence equation

x3 + -+ 22 = a (modp) (2-1)

Then

P+ (p—1)pzt, pla,2|r, p=1 (mod 4)

P (-D)E(p—1)pE !, pla,2lr, p =3 (mod4)

p L pla,2{r
T(r,a) = prt —pgfla pta,2|r, p=1(mod4)

prt—=(-1) spi! pta,2lr, p=3(mod4)

prl—i_(%)p pta,2fr,p=1(mod4)

(P - (= 1)+ ()IH , pta,2tr, p=3(mod4)

Lemma2.3 — Suppose that is an odd primer, a, ¢ are integers ang ¢t a,
r > 1,t > 2. LetT be the number of solutions of (2-1), then the number of

solutions of the congruence equation

2

22+ -+ 22 = a (modp) (2-2)

is equal topr DD

SN

PROOF: Itis clear that ifz? + - - - + 22 = a (mod p™), thenz? + - - + x

a (modp™)forl <n < m.



390 YANGJIANG WEI, GAOHUA TANG AND HUADONG SU

First assume that= 2. Suppose: + - - - + a? = a (mod p). Note thatp { ,
so at least one afy, .. ., a, is not equal t® modulop. Let X be the number of

solutions of
(a1 + pb1)* + - + (ar + pb,)? = a (mod p?) (2-3)

inby,...,b. whereb, =g, (modp?),0< g, <p—1forA=1,...,r. Thenthe

number of solutions of (2-2) is equal ToX .

By (2-3), we have
2a1b1 + -+ - + 2a,b, = my (mod p) (2-4)

wherea — (a? + - + a?) = myp. Observe thayced(2ay, ... ,2a,,p) = 1, by
Lemma 2.1, the number of solutions of (2-4pin. .., b, isp" . So we haveX =
p"~1. Hence, the number of solutions of (2-2YisX = p" T = pr— V-,

sincet = 2.

Now lett = 3. Suppose? + - - - + ¢ = a (mod p?). LetY be the number of

r =

solutions of
(a1 + per + p?dr)? + -+ + (ar + per + p*dy)? = a (mod p?) (2-5)

indy,...,d. wheredy = hy (modp®),0 < hy <p—1forA=1,...,r. Then
the number of solutions of (2-2) is equaltoXY. By (2-5), we have

2a1dy + - - - + 2a,d, = my (modp) (2-6)

wherea— (a1 +pc1)? —- - -—(a,+pc,)? = mop?. Sinceged(2ay, . . ., 2a,,p) = 1,
by Lemma 2.1, the number of solutions of (2-6)dnp,...,d, is p"~!. So we
haveY = p"~!. Thus the number of solutions of (2-2) is equalfXY =
prlpr T = pQ(r—l)T _ p(r—l)(t—l)T’ sincet — 3.
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Therefore, by induction o, we can conclude that far > 2, the number of
solutions of (2-2) igp™ 1) 1T = pr=D=DT, 0

Lemma2.4 — If Ry and Ry are two noncommutative rings;; € R; and

Sy C Ry are two non-central subsets, théam (I'(S; x S2)) < 3.

PROOF: Let (a,b) and(a’, ') be two arbitrary vertices df(S; x Ss). If a and
b are non-central, thefu, b) — (a,0) — (0,b') — (a/, ) is a path in['(S; x S2)
of length at mosB. If a,a’ are non-central andl, v’ are central, therfa, b) —
(a,z) — (0,z) — (a’, V') is a path in['(S; x S2) of length at mos8, for some
x € Sy \ Z(S2). Thereforediam/(I'(S; x S2)) < 3. O

Lemma2.5 (1) [7, Lemma 3.6] — Leh = pﬁl .- ptm wherepy, ..., p, are

different primes and, . . ., t,,, are positive integers. Theih, = Hpt1 - - '@Hptm.
1 m

(2) [7, Theorem 2.3} € D(H,,) ifand only if N(«) € D(Z,,).

3. COMMUTING GRAPHS OFIDEMPOTENTS OFH,,

In this section, we studl(Z,,), the commuting graphs of idempotentdhf. Note
that if Ry, ..., R, are arbitrary rings, then clearf Ry X --- x R,) = Z(Ry) X

- x I(R,), whereZ(R) is the set of all idempotents in the ridgy Hence, by
Lemma 2.5(1), it suffices to investigate the idempotentd of wherep is a prime

andt is a positive integer.
Theorem3.1— Letn = p', wherep is a prime and is a positive integer.
(1) If p =2, thenZ,, = {0,1}.

(2) If p # 2, then
() Z, = {a+5i +7¢j +dk € Hy, | pt2a — 1, ptla® +b* + 2 + d2}u{6,T},
(ii) |Z,| = p*"'(p+1) +2,and

391
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ProoOF: (1) By [7, Theorem 3.7], we know thdi,, is local if and only if
n = 2!, By [5, p.301, Corollary 19.19J1,: has no nontrival idempotents. Hence,
IQt — {6, T}

(2) Supposex = @ + bi + ¢j + dk € H,. Thena? = « if and only if the

following statements hold

a’> — b —? —d? = a (modn) (3-1)
2ab = b (mod n) (3-2)
2ac¢ = ¢ (mod n) (3-3)
2ad = d (mod n) (3-4)

(i) Supposenx € Z,,. Then by (3-2), (3-3) and (3-4)|b(2a — 1), p*|c(2a —
1)7pt|d(2a - 1)

Casel: If pf2a—1,

Hencea =0 or1.

Case2 : If pt|2a — 1, then by (3-1), we havé? + 2 + d? = a®> —a =
a(2a — 1) — a®> = —a® (mod p'). This follows thatp!| N ().

Case3: If p* || 2a—1forsomel < s < t—1 (¢t > 2), thenitis not difficult to
verify thatp t a. Moreover, by (3-2), (3-3) and (3-4), we deriyg, p|c andp|d, so
p|b?+c2 +d>?. By (3-1), we havé? +c? +d? = a® —a = a(2a—1) —a? (mod pt),
which is impossible. Therefore, if> 2, then there exists no integemwith 1 <

s < t—1,suchthap’ || 2a — 1.

Consequently, fore = @ + bi + ¢j + dk € T, we have eithep { 2a — 1 or

p'|2a — 1, hence the result follows.
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(i) Clearly, p 1 ( 1)2 and we have the Legendre symbol

<_(1’t2“‘1)2> B po1 1, if p=1(mod4)
S0
-1, if p=3(mod4)

Thus by Lemma 2.2, the number of solutiong®- ¢ + d2 = —(231)2 (mod p)
inb,c,disT = p>+p. So by Lemma 2.3, the number of solution$df-c? +d? =
— (B2 (mod pt) is p2=UT = p2=1(p+ 1). Hence|Z,| = p2~(p+ 1) + 2.

(iyLet a =a +bi+¢j+dk, B =w+7Zi+7j + zk € T,,. Thenas = Ba
if and only if the following statements hold

2¢z = 2dy (mod n) (3-5)
2dx = 2bz (modn) (3-6)
2by = 2cx (modn) (3-7)
By Lemma 2.2, the congruence equatiafi + 2% = — b 5 (mod p)

in 1 andz, has integer solutions. So by Lemma 2.3, there exist integerand

t 1 2 t 1
P ; (mod pt). Let, = L
then we haves, € 7, by (i). Suppose thait € Z(Z,,), thenaf; = (1«a. By (3-5)

and (3-6), we have'|2dm; andp’|2dms,. Observe thagycd(m, mo,p) = 1, SO
t t

1
+ m1i + mek, ﬁgz +m1j+m2k€In,

then we have'|c andp'|b. Thereforeq = 0o0r1,i.e.,Z(Z,) = {0,1}.

ms such thatn? +m3 = —

+mi+maj,

p'|d. Similarly, let3; =

Theorem3.2— Letn > 2 be an integer.

(1) Suppose. = pt, wherep is an odd prime and is a positive integer. Then

fora,s € 7, \ Z(Z,), af = paifand only if 3 = « or @. MoreoverI'(Z,) is a

et

graph with? edges which any two different edges are not incident.
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(2) Supposer = 2°p, wherep is an odd primegs andt are positive integers.
Then fora, 8 € 7, \ Z(Z,,), a8 = paifandonly if§ = c or @,1 — a, 1 — @.

“Hp+1)

Moreover,I'(Z,,) is a graph with? connected components of size

which each of them is a complete graph.

(3) Supposer = 27plt ---plm, wherer > 0, m > 2, py,...,pnm are dif-
ferent odd primesty, .. ., t,, are positive integers. Let = (o, aq,...,qpn) €
Tn \ Z(Zy), Whereag € Zyr, ay € IptA forA=1,...,m. Let] = {s|1 <s<

A

0,ifr=0

ma=00r 1}, £ =4 T Thend(a) = 2/) [am-in [T ey
1’ Zf T>1 sel

p2ts~t 4+ 2) — 2m]—1. Moreover['(Z,) is a connected graph witiam(I'(Z,,)) =

3.

t
1 - _
PROOF: (1) By Theorem 3.1 (2), lety — 2% 1 Fi+¢j + dk and 3 —
pl+1 - o
5 + Zi + yj + zk be nontrival idempotents di,,. Certainly, if 3 = « or &,
thenafS = Ga.

Conversely, supposel = [a. Itis clear thate # @ andaa = @a. So in
['(Z,), d(a) > 1. Moreover, by Theorem 3.1(2), we hayeN (o) andp!|N(3),
i.e.,
pl+1

2

V4 +d>=a?49°+ 22 = —( )? (mod p') (3-8)

Sincep { pt;l, by (3-8),p 1 b? + ¢ + d%. Without loss of generality, one
can assume that{ c. Then there exists an integef such that’c = 1 (mod p).
Sincea3 = Ba, by (3-5), we have:z = dy (mod p'). Soc’cz = ¢’dy (mod pt),
i.e.,z = c¢/dy (modpt). By (3-7), we also have = ¢’by (mod p'). Substituting
these expressions fat, z into (3-8), we get

pr+1

V(1+c"2d> + ¢ %h?) = —( )2 (mod p) (3-9)
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By [6, p.193, Theorem 1], if the equation (3-9) inhas solutions, then the
number of solutions of (3-9) must k& Notice thatd(a) > 1, hence (3-9) has
exactly two solutions, say;,y2. So we haver, = c’by, (modp') andz, =
c'dy, (modp'), A = 1,2. Therefore{zy,y1,21} and{za,ys, 22} are the only
two solutions which satisfy conditions (3-5), (3-6) and (3-7). Herite; a or @.
Furthermore, there are precisw edges by Theorem 3.1(2) INZ,)

which any two different edges are not incident.

(2) Suppose that, 5 € Z,, \ Z(Z,). By Lemma 2.5 and Theorem 3.1, one
can writea = (0,a/) or (1,a/), while 3 = (0,5') or (1,3), whered/, 5 €
Ty \ Z(Zy). If afB = Ba, thend/f = f'a’. By (1) aboved’ = o’ oro/. Soiitis

easytoseeth#t =« or a,1 —a,1 —a.

Furthermore, it is easy to verify that @, 1 —« and1 —a are pairwise different.

Hence, the result follows.

(3) The computation ofl(«) is derived from Theorem 3.1. Furthermore, by
Lemma 2.4diam(T(Z,,)) < 3. Letn = p'n’, wherep is an odd prime¢,n’ > 1
are integersp t n’. Supposex = (a1,0), 3 = (f1,0), whereay, 81 € T \
Z(Zy) andpy # a1, ar. Thena, 8 € T, \ Z(Z,). However, by (1) above, there
exists noy € 7,, \ Z(Z,) such thata — v — g is a path ofl'(Z,,). Therefore,
diam(I'(Z,,)) = 3.

Corollary 3.3 — Forn > 2, I'(Z,) is connected if and only it has at least

two odd prime factors.

4. COMMUTING GRAPHS OFNILPOTENT ELEMENTS OFH,,

In this section, we studY(N\), the commuting graphs of nilpotent elements of

H,. Note thatifRy, ..., R, are arbitrary rings, then clearly (R x --- x R,.) =
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N(Ry) x --- x N(R,), whereN (R) is the set of all nilpotent elements in the ring
R. Hence, by Lemma 2.5(1), it suffices to investigate the nilpotent elements of

H,:, wherep is a prime and is a positive integer.

Lemmad.1 — If R is a finite local ring, therx € R is nilpotent if and only if
a € D(R).

Theorem4.2— Letn = p', wherep is a prime and is a positive integer.

Q) If p =2, then
N, = D(H,) = {6+Bi+éj +dk € H,

2[a® +0* + ¢ + d2} , WNal =
24t—1

Z(N,) = {E—i-gi +¢j + dk € H, ‘ 2|a; bye,d =0 or 2t_1(mod2t)} ,
|Z(N,)| = 2012,

(2) If p # 2, then
N, = {a+5i+éj+8keHn‘pla; plaz+bz+cz+d2}v Nal =
p4t—2

Z(N,) = {a € Zn

pla}, 12N =9,

PROOF: (1) By Lemma 4.1 and recall thak: is a local ring [7, Theorem 3.7],
we haveN,, = D(H,). By [8, Theorem 1.1]|D(H,,)| = 2*~1. Also, it is not
difficult to obtainZ(\N,,) and|Z(N,,)].

(2) There are two cases to consider.

Casel : Assume that = 1. Fora = @+ bi + ¢j + dk € D(H,), if p|a, then
by Lemma 2.5 (2), we havgb? + ¢? + d2. Hence, it is certainly that? = 0.

Conversely, suppose thét= w + zi + yj + zk € D(H,) butp { w. Note that

plw? + 2% 4+ y? + 22, letz? + 4 + 22 = —w? + sp, wheres is a positive integer.
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Then we have
5 = w?—a22—y2— 22+ 2w(Fi +7j + zk)
= 2uw? — sp+ 2w(Ti + 7j + 7k) = 2W06 — sp
Therefore, for any integet > 1, we haves® # 0 if p t w.

Furthermore, notice that the number of solutionshdfi c¢? + d?> = 0 (mod p)
No| = p%
Case2 : Assume that > 2. Supposes = w + 7i + yj + zk € H,:. One

inb,c,disp?, so

can assume that = w' + s1p, © = 2’ + sop, y = o' + s3p, 2z = 2/ + s4p,

wherew’, 2/, 3/ and 2z’ are nonnegative integers less tharwhile s, s9, s3 and
s, are nonnegative integers. Theh = v’ + 2/i + y/j + 2’k € H,. We can
claim thatg € N, if and only if 3; € N,,. Infact, if 3 € N, clearly, we have
B1 € N,. Conversely, if3; € N, then there exist positive integersandk such
thatp, " = kp@B» for someg, € H,. Then

B" = [B1+p(31+53i+83)+81k)]" = B "+pBs = (kpB2) +pBs = p(k"p" ' B2 " +133)

for somes3; € H,. Hence3"! =0, i.e., 3 € N,:. Consequently, by Case 1, the

result follows.

In the following, we will study the connectivity df(\,,) for n > 2. We recall
that with similar arguments to the proof of Theorem 2.4(3), 2.5(2) and 2.8(2) of
[9], if n = 2! fort > 3, orn = p*® for arbitrary odd prime ands > 2, orn has
at least two odd prime divisors with # 2p for any odd primep, thenT'(N,,) is
connected withliam(T'(N,,)) = 3. Therefore, it suffices to study the properties of
(V) withn = 2,22 p, 2p, wherep is an odd prime and the following theorem is

clear.

Theorem4.3— Supposer = 2¢,t =1 or 2.
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(1) If t = 1, thenI'(\N,,) is null.

(2) If t = 2, thenT'(V,,) is a graph with 7 connected components of Size
which each of them is a complete graph. Moreoverpfos € Ny2 \ Z(Ny2), aff =

Ba if and only ifa and 8 belong to the same set 8f, for some\ € {1,...,7}.

M, = {a+Bi+6j+Ek a,BeU(Z4);E,36D(Z4)}
M, = {a+5i+éj+ﬁka,ée U(Z4)75786D(Z4)}
My — {a+Bi+6j+Ek a,EeU(Z4);5,5€D(Z4)}
M, = {a+5i+6j+8k E,EeU(Z4);6,5€D(Z4)}
My = {a+bite+dkbdeUZ)ace Dz}
Mg = {a+5i+éj+8k 5,66U(Z4);6,36D(Z4)}
My = {a+Tite+akabedeUz))

Itis well known that ifp is a prime congruent tomodulo4, then there exist ex-
actly two positive integers which less thasay\;, Ao such that\? = —1 (mod p).
Furthermore, we assume that the ordered pairs of positive intégers, } satisfy
(4-1), wherel < o,,7, < p—1,v=1,...,5 (resp., v = 1,...,5'), while S

(resp., S’) is the number of solutions of
1+0%4+ 0% =0 (modp), o,7#0 (4-1)

in o, 7 wherep is a prime congruent td (resp., 3) modulo4. In the following
theorem, we will obtainS and S’, and completely determine the structure/‘aif

for arbitrary odd primep.
Theorem4.4— Letp be an odd primeg, 5 € N, \ Z(N,).

(1) If p = 5, thena3 = Ba if and only ifa and 3 belong to the same set 5,
C, andD,, for somey € {1,2}.
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(2) If p =1 (mod 4) withp > 5, thenS = p — 5. Moreover,as = S if and
only if « and 3 belong to the same set 8§, C,,, D,, and E,, for someu € {1, 2},

orsomev € {1,...,p —5}.

(3) If p = 3 (mod 4), thenS” = p + 1. Moreover,as = S if and only if«
and 3 belong to the same set &f, for somev € {1,...,p+ 1}.

B, = {bi+ A bjeH‘beZ*} p=1,2 (4-2)

{
C, = {B+AbkeH‘bez*} p=1,2 (4-3)

Dy = {bi+ Nk e, [bezy), =12 (4-4)
B, = {

+o0,6j+o,7ek € Hy, ‘ ec’; } (4-5)

(4)T'(N,) is a graph withp + 1 connected components of sjze 1 which each

of them is a complete graph.

PROOF: By Theorem 4.2(2)q = @ + bi + ¢j + dk € N, ifand only ifa = 0
andp|b® + ¢ + d?. By [9, Theorem 2.5 (1)], each nonzero nilpotent elemerii,of
must be one of the formhi + Abj, bi + \bk, bj + Abk, €i + o¢j + orek, where

bec Z,, A\, o andr are positive integers.

(1) Sincep = 5, forb € Z£, b> 4+ A2b%2 = 0 (mod 5) if and only if 1 + A2 =
0 (mod5). Clearly,|B,| = |C,| = |D,| = p — 1 for p = 1,2. Moreover, by
Theorem 4.2(2)|N5 \ Z(N5)| = 24 = 6(5 — 1). Thereforeq € N5 \ Z(N3) if
and only ifa belongs to one of the sets of (4-2), (4-3) and (4-4) for spme1, 2.
Hence,I'(N5) has exactly6 connected components of sizevhich each of them

is a complete graph.

(2) Supposep = 1 (mod4) with p > 5. By the similar argument of (1)
above, every element d,, ), and D,, is a nonzero nilpotent element &f,,,
pn = 1,2. Clearly,|Bi| + |Bz| + |C1] + |Ca| + |D1| + |D2| = 6(p — 1), while

399
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N, \ Z(Np)| = p? — 1 > 6(p — 1) by Theorem 4.2(2). So itl,, there must
existp? — 1 — 6(p — 1) = (p — 5)(p — 1) nonzero nilpotent elements of the
formei + o€j + orek wheree # 0 which is stated in the sefs, (4-5) for some
v e {1,...,8}, since fore € Z, ple? + e*0* + e*o*72 if and only if o andr
satisfy (4-1).

Moreover, sinceE,| =p — 1forv, by S(p—1) = (p — 5)(p — 1), we have
S = p—5. ThereforeI'(V,) has exactlys + .S = p+ 1 connected components of

sizep — 1 which each of them is a complete graph.

(3) Suppose = 3 (mod 4). Then the congruence equatiéfi-c2 = 0 (mod p)
in b, ¢ has a unique solutioh = ¢ = 0 (mod p). Therefore any nonzero nilpotent
element oftl, must be of the forngi + oej + orek wheree # 0 which is stated in
the sets, (4-5) for somev € {1,..., '}, since fore € Zj, ple? +e?0? +e2o?7?
if and only if o and satisfy (4-1). By Theorem 4.2 (2N, \ Z(N,)| = p* — 1.
Moreover, sincéE, | = p — 1 for v, by S'(p — 1) = p? — 1, we haveS’ = p + 1.
Consequently’(N,) has exactly + 1 connected components of size- 1 which

each of them is a complete graph.
(4) It has been shown in (1), (2) and (3) above.

Theorem4.5— Letn = 2p, wherep is an odd prime. TheR(N>,) is a graph
with p + 1 connected components of sk — 1) which each of them is a complete

graph.

PROOF: Fora, 8 € Nap \ Z(Nap), sinceHsy, = Hy & Hy, leta = (o, ),
B = (61, 02), whereay, 81 € Ny = D(Hy), andag, B2 € N, \ Z(N,). Since
H, is a commutative ringe3 = Sa if and only if asBs = Boae, if and only if
as andf, belong to the same connected componerit ©¥,). By Theorem 4.4,

we derive thal’(N3,) is a graph withp + 1 connected components which each of
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them is a complete graph. Furthermore, sipee| = |D(Hz)| = 23, the size of

each connected componentItf\Vs),) is equal ta8(p — 1).

Corollary 4.6 — Forn > 2, F(/\/'\) is connected if and only it # 2,22, p, 2p,

wherep is an odd prime.
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